A simple model of condensation in a one-dimensional system is presented. In this model, each hard-sphere molecule in the system is assumed to interact with No neighbors with linear attractive potentials. The statistical mechanics of simple liquids and gases has made strides in recent years but the problem of condensation is still open and requires further studies. It has been found that a one-dimensional system does not show a phase transition if the interaction potential has a finite range. 1 l If the potential has an infinite range, the situation changes entirely. Indeed, Kac, Uhlenbeck and Hemmer 2 l showed that a one-dimensional hard-sphere system with a long-range exponential potential undergoes a first-order phase transition in the so-called van der Waals limit. A similar phase transition has been discussed for a lattice model, 8 l by a variational method, 4 l by a molecular field theory. 5 l Studies of a one-dimensional system have also been made through investigation of the distribution function of the zeros of the grand partition function. 6 l We shall present in this paper another approach to the condensation problem in a one-dimensional system of hard-spheres. We shall consider a simple model in which each hard-sphere molecule interacts with N 0 neighbors with a linear attractive potential. Since a particular choice of No does not lead to a phase transition and actually is not particularly interesting we shall consider N 0 to be a parameter to be chosen in such a way that the free energy of the system is minimum. This step has a counter part in the KUH theory. With this variational
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We shall present in this paper another approach to the condensation problem in a one-dimensional system of hard-spheres. We shall consider a simple model in which each hard-sphere molecule interacts with N 0 neighbors with a linear attractive potential. Since a particular choice of No does not lead to a phase transition and actually is not particularly interesting we shall consider N 0 to be a parameter to be chosen in such a way that the free energy of the system is minimum. This step has a counter part in the KUH theory. With this variational step we shall arrive at the results which are equivalent to what Kac, Uhlenbeck and Hemmer obtained by a rigorous but complicated analysis of a system with a long-range exponential potential. Thus, in effect our model corresponds to taking the long-range limit in the exponential potential prior to the evaluation of the phase integral. However, different from the exponential potential, the linear potential does not guarantee the existence of the thermodynamic limit. In fact, the effective range of the potential can reach outside of the system. Therefore, it becomes necessary to introduce a range parameter to the linear potential. For this purpose, one can cut off the potential artificially at a certain distance. However, this brings a spatial limit in the phase integral. Since the corresponding force is constant:
we introduce an additional assumption that each molecule interacts only with No neighbors irrespective of their positions. As we shall see shortly, this assumption will secure the existence of the thermodynamic limit in our system. We shall evaluate the free energy first for a given N 0 and then determine N 0 in such a way that the free energy is minimum. Hence, N 0 is an adjustable parameter in our model. In addition, it eliminates the unphysical situation where the force extends outside of the system. Therefore, N 0 is a range parameter. On the other hand, for the same linear potential one may be inclined to introduce a spatial limit such that
In this model, the potential and the force are discontinuous at r0, resulting in mathematical complications. For instance, the phase integral corresponding to this potential will have finite intervals, and the existence of the thermodynamic limit is not obvious. This model differs from the one adopted in this paper: In our model, there can be different number of
~ (r)
1495 molecules in the interval (0, r0), and each molecule interacts with N 0 neighbours. That is, although one can introduce r0/ a molecules in a given interval , (0, r0), our parameter N 0 may be different from r0/ a. The
reason why in our model the range of the potential is specified by No is that the very (2) is conceivable, our present model enables us to make a rigorous treatment without complicated mathematics. Perhaps the two models would give similar results when r 0 and N 0 are brought to infinity. In any case, we shall let N 0 be very large under the condition that it is less than the half of the total number N. Therefore, we are going to consider the limit of long-range attractive potential as in the case of the KUH theory. This limit will be taken after the thermodynamic limit is secured. On the other hand, the van der Waals limit which appeared in the KUH theory becomes implicit in our case, because our linear potential corresponds to taking the first two terms of the exponential potential in the weak field limit. While KUH kept the exponential form until the last moment and then considered the long-range and weak-potential limit, we are going to introduce this limit first by the linear potential model. While the exponential and linear potential models are different, our simple model has some interesting features and yields effectively the same results. § 3. Partition function
The partition function of a one-dimensional fluid may be expressed for a given pressure as follows :
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where pis the pressure, L is the total length of the system, {1= 1/kT. 
In particular, if
This is what we expect for the case of the nearest neighboring interaction. The partition function can be evaluated rigorously as follows:
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Again this reduces to the correct form for No= 1: 
Note that the model is still the same as in the general case. · The result given by Eq. {9) shows that there exists a thermodynamic limit. That is, the logarithm of the partition function is proportional to N for N--HX?: (14) where -¢ represents the free energy per mo!'ecule. We now examine the three cases which arise depending on 'the' behavior of the second derivative.
' § 4. 
The KUH result reported in their first paper misses a factor t but the error has been corrected. In general, Lebowitz and Penrose 7 > have shown that if the potential is of the form
where v represents the dimensionality of the space, the equation of state in the van der Waals limit r~o assumes the form plus Maxwell's rule (22) for a wide class of q's and g's. Here p 0 (l) is the pressure in the reference system for which g (r) = 0, z-t is the density and a'= J g(r)dr. Using this result we arrive at the KUH result (20).
(
This case corresponds to the appearance of double roots for the equation (23) and the critical temperature. Hence, introducing a suffix c indicating this temperature, we find from Eq. (23) Combining with Eq. (13) we arrive at
This agrees with what we expect from Eqs. (32) of KUH.
In this case, Eq. (23) has two different roots. Depending on the magnitude
of A that appears in Eq. (13), we have the following cases: (a) If (fii/J/fiNo)max<O (Curve I in Fig. 3 ), or if (fii/J/fiNo)min>O (Curve II in Fig. 3 ), the free energy has a minimum.
(b) If (fii/J/fiNo)min<O< (fiifJ/fiNo)max (Curve III in Fig.3 ), there appear two maxima and one minimum (Fig. 4) Here, the first maximum is favorable. However, as p increases there appears a point at which (27) because in the region where 1/8a>f3p~tf3BN0:
This indicates that at a certain p for a fixed A, the second maximum of cjJ becomes absol,ute maximum. That is, N 0< 1 > jumps to No<'> to maintain the free energy minimum. Correspondingly, we expect an isotherm such as illustrated in Fig.  5 . Here, the two "volumes" are We have shown that our simple model yields the results which agree with those obtained by KUH. For its simplicity, the model enables us to interpret the mechanism of the phase transition as in the case (iii), which has been discussed more explicitly than in the KUH theory.
Our model is different from the exponential potential model. Nevertheless, it may be· considered as the weak·fi.~ld limit ·of the exponential potential . model with is automatically satisfied by the potential. In the limit A~o, it approaches our linear potential given by Eq. (1). Hence,. our results may be interpreted as corresponding to what we would have obtained from the exponential potential if we have taken the van der Waals limit at the beginning of the analysis. In the KUH theory, the limit is taken at the last stage.
Nevertheless, the linear potential is so different from the exponential potential that an additional constraint and a subsequent variational step with respect to its range were introduced. Concerning the constraint, we remark that it is not a potential but its force that acts between the molecules. In our case, the force is constant. Therefore, unless its range is limited we could not possibly obtain the thermodynamic limit. As stressed by Uhlenbeck et al., it is important to secure the thermodyamic limit even for an artificial one-dimensional model. While there can be other ways of specifying the range of the force, our choice through N 0 seems to be the simplest one.
Concerning the subsequent variational step, we recall that a variational step is taken also in Baxter's version of the KUH theory, although in a completely different form. 4 l In the KUH theory, the corresponding step is a maximization of the eigenvalues of the Kac integral equation. However, their variational parameter is somewhat mathematical rather than physical.
In this concern, let us consider that we adopt a linear potential which is set equal to zero for r>r0• Then we can introduce up to r0/a hard-spheres in the interaction range (0, r0). Therefore, it is conceivable to introduce an ensemble of one-dimensional systems with different values of N 0• In this ensemble, the most probable system may be searched by a variational step with respect to N 0• This step is somewhat similar to the one which replaces a grand partition function by its maximum term. In any case, in the limit r0~ oo a phase transition may be expected. 8 
In the notation of Eqs. (19) this is
No=1/rl.
That is, in the limit r~o, No approaches infinity. Hence, for a given density the restriction by N 0 is not significant in the long-range limit.
